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Abstract :

Graph labeling is an assignment of integers to the vertices or edges or both subject to
certain conditions. A graph G = (V, E) with p vertices and q edges is said to admit Lehmer-3

mean cordial labeling if the mapping h from V(G) to {1, 2,3} induces the mapping h* from

h()®+h(¥)®

E(G) to {123} as h'(xy) = [h(x)2+h(Y)2

] with the condition that the number of vertices

labeled with i and the number of vertices labeled with j differ at most by 1, the number of edges
labeled with i and the number of edges labeled with j differ at most by 1 where i,j € {1,2,3}. A
graph with a Lehmer-3 mean cordial labeling is called a Lehmer-3 mean cordial graph. In this
paper, we prove that all trees, cycle graph C,(n = 1,2(mod 3)), pinwheel graph PW,,,
armed crown graph AC,, ,, the graphs L, ©K; and CL,,©K; are Lehmer-3 mean cordial graphs.
Keywords : Labeling, Cordial Labeling, Mean Cordial Labeling

1. Introduction

All graphs considered here are finite, simple, connected and undirected. Cordial labeling was
introduced by Cahit [1] in 1987. The notion of mean cordial labeling was introduced by R.

Ponraj, M. Sivakumar and M. Sundaram. Let h be a mapping from the vertex set of G to
{0,1,2} . For each edge xy assign the label [M] The mapping h is called a mean cordial

labeling of G if the number of vertices labeled with i and the number of vertices labeled with j
differ at most by 1, number of edges labeled with i and the number of edges labeled with j differ

at most by 1 where i,j € {1,2,3}. Motivated by this concept, we introduced a new labeling
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called Lehmer-3 mean cordial labeling. In this section we provide a summary of definitions

required for our investigation.

Definition 1.1. The caterpillar graph CP; is a tree with the property that a path P, remains if
all the pendant vertices are deleted.

Definition 1.2. The friendship graph F, consists of n triangles with a common vertex. The
pinwheel graph PW,, is obtained from the friendship graph F, by identifying the outer edge
of each triangle in E, with an edge of a new triangle.

Definition 1.3. The ladder graph L,, is defined to be the cartesian product B, X K,, where B, is
the path graph on n vertices and K, is the complete graph on two vertices.

Definition 1.4. The circular ladder graph CL,, is defined to be the cartesian product C, X K,,
where C,, is the cycle graph on n vertices and K, is the complete graph on two vertices.
Definition 1.5. An armed crown graph AC,, ,, is obtained by joining a vertex of degree one in
the path P, at each vertex of the cycle C,, by an edge.

Definition 1.6. The corona product G, ®G, of two graphs G;(p1, q1) and G,(p., q,) is defined as
the graph obtained by taking one copy of G, and p, copies of G, and joining i vertex of G,
with an edge to every vertex in the i copy of G,.

Definition 1.7. Let p be a real number. Lehmer-p mean of positive real numbers x;, x5, ... , X, IS

. D

defined as L(p) = —2&;@1"1'

Notation 1.8. v, (k) =the number of vertices labeled with k
ep+ (k) = the number of edges labeled with k.

Definition 1.9. Let G be a simple graph and let h: V(G) — {1,2,3}. For each edge xy assign

h*(xy) = [h(x)2+h(y)2]. The mapping h is called a Lehmer-3 mean cordial labeling if

v, (D) — v (D] <1 and |ep(i) —ep-(j)| < 1 forall i,j € {1,2,3}. A graph with a Lehmer-3
mean cordial labeling is called a Lehmer-3 mean cordial graph.
Example 1.10. Figure 1 shows G, is a Lehmer-3 mean cordial graph, while G, is not a lehmer-3

mean cordial graph
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Figure 1

2. Main Results

Theorem 2.1. All trees are Lehmer-3 mean cordial graphs.
Proof. Let T be a tree with n vertices. Let x;(1 < i < n) be the vertices of T.

Suppose that T has a center say u. Take u = x;. If r vertices are adjacent to u, denote
these vertices by x,,x3, ..., Xp41. If ki, ko, ...., k, vertices are adjacent to x,, X3, ..., X;41
respectively and are at distance two from u, denote these vertices by x, 15, ..., Xy sk, 41, X4k, +25
e Xptk gty 1r o0 Xraky++k,+1- CONtINUE the same process to denote the vertices of T.

Suppose that T has two centers say u and v. Take either u = x; or v = x; and follow he
process discussed above to denote the vertices of T.

(1 if1<is[f
Define h: V(G) - {1,2,3} by h(x,) = !2 if [H+1=i< [
3 if [F|+1<i<n

Then the number of vertices and edges labeled with i € {1, 2, 3} are as follows:
Case(i):n = 0(mod 3)

v (1) =%, e (1) = |57 en (2) = - (3) = [,
Case(ii):n = 1(mod 3)

v (1) = 5], va(2) = va(3) = 5| and - () ==
Case(iii):n = 2(mod 3)

v (D) = v, (@ = [} 3 = [2] e (1) = - 3) = |53 and e, () = [
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In each case |v, (i) —v,(j)| <1 and |ep-(i) —ep-(j)| < 1 forall i,j € {1,2,3}. Hence T is a

Lehmer-3 mean cordial graph.

Theorem 2.2. The cycle graph C, is Lehmer-3 mean cordial graph iff n = 1 or 2(mod 3).
Proof. Suppose that n = 1 or 2(mod 3). Let x;(1 < i < n) be the vertices of C,, and let

E(G) = {x;xj41: 1 <i <n—1} U {x,x;}. Label the vertices of C, as in Theorem 2.1. Then the
number of vertices labeled with i € {1, 2,3} are same as in Theorem 2.1. Also the number of

edges labeled with i € {1, 2, 3} are as follows:

Case(i):n = 1(mod 3)
ep+(1) = ep=(2) = EJ and ey+(3) = E]
Case(ii):n = 2(mod 3)
en(1) = EJ and e+ (2) = ep+(3) = E]
In both cases |v, (i) — v, ()| < 1 and |e,-(i) — ey ()| < 1 foralli,j € {1,2,3)}.
Hence C,(n = 1,2(mod 3)) is a Lehmer-3 mean cordial graph.

Let n = 0(mod 3). Suppose that C, admits Lehmer-3 mean cordial labeling. Then we

have v, (i) = gfor all i € {1, 2,3}. To obtain the edge conditions we must label the vertices as in
Theorem 2.1. Then we have ey:(1) = g —1 and e,+(3) = g + 1. Thus |ep-(1) — ep+(3)] > 1.

Hence C,, is not a Lehmer-3 mean cordial graph when n = 0(mod 3).

Theorem 2.3. The complete graph K,, is a Lehmer-3 mean cordial graph iff n < 2.
Proof. Letn < 2. Then the result follows from Theorem 2.1.
Suppose that K,,(n = 3) admits Lehmer-3 mean cordial labeling. Then
v, (D) — v (D] <1 and |ep-(i) —ep-(G)| < 1forall i,j €{1,2,3}.
Case(i): n = 0(mod 3)
Let n =3k, where k is any positive integer. Then v, (i) =k for all i € {1,2,3},

Kk(k—1
ep(1) = ()

2 H

en(2) =2 and ¢+ (3) =

k(5k—1)
—

3891



JOURNAL OF CRITICAL REVIEWS

ISSN-2394-5125 VOL 07, ISSUE 17, 2020

Here |ep-(i) —en-(j)| > 1 for all k > 2 and i # j, which is a contradiction. If k =1,
lep~(1) — ep+(3)| = 2, which is a contradiction.
Case(ii):n = 1(mod 3)

Let n = 3k + 1, where k is any positive integer.
Subcase(i):v, (1) =k + 1,v,(2) = v,(3) =k

cen(2) =
Subcase(ii):v,(2) = k + 1,v,(1) = vh(3) =

k(k+1) k(3k+1) k(5k+1)

Here e-(1) =

and e,-(3) =

(k 1

Here e,+ (1) = , h(z)_m and h(s)_w.

Subcase(iii):v,(3) = k + 1,v,(1) = v, (2) =

k(k— 1)’ en: (2)_k(3k 1)a de en (3)_

Here e,-(1) = M_

In each subcase |ey- (i) — ep+(j)| > 1 forall k = 2 and i # j, which is a contradiction. If
k=1, |ey(1) — ep-(3)| > 1, which is a contradiction.
Case(iii):n = 2(mod 3)

Let n = 3k + 2, where k is any positive integer.
Subcase(i): v,(1) =v,(2) =k + 1,v,(3) =k

Here e, (1) = k(k+1), en(2) = w e, (3) = k(5k+3)

Subcase(ii):v, (1) =v,3) =k + 1,v,(2) = k

Here e, (1) = k(k+1), e (2) = k(3k+1) and e, (3) = (k+1)§5k+2).

Subcase(iii):v,(2) = v,(3) =k + 1, vh(l) =
e (2) = (k+1);5k+2)

In each subcase |eh*(i) —ep-(j)] > 1 forall k = 3 and i # j, which is a contradiction. If

k(k 1) 3k(k+1)

Here e;«(1) =

and e, (3) =

k=1or2,|e;(1) —ep(3)| > 1, which is a contradiction.

Hence K,, is not a Lehmer-3 mean cordial graph for all n > 3.

Theorem 2.4. The pinwheel graph PW,, is a Lehmer-3 mean cordial graph.

Proof. Let G be the pinwheel graph PW,,. Let x, x;,y;,z; (1 < i < n) be the vertices of G and let
XXi, XVi, XiVi, XiZi, ViZ; (1 < i < n) be the edges of G. Define h: V(G) — {1, 2, 3} as follows:
Case(i):n = 0 (mod 3)
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Let n = 3k, where k is any positive integer. Define h: V(G) — {1,2,3} by h(x) = 1 and

1 if1<i<k
3 if 2k+1<i< 3k

3n+ 1]
)

Here the number of vertices and edges labeled with i € {1,2,3} are v, (1) = [ 2

5

3n+1J and e,-(i) = ?n

v, (2) = v, (3) = |55
Case(ii):n = 1 (mod 3)
Let n = 3k + 1. Label the vertices of G as in case(i) for 1 < i < 3k. Also label the

vertices x,, V,, z, by 1, 2, 3 respectively. Then the number of vertices and edges labeled with

[, on@ = vn 3 =[] en (1) = |5 and

3

3n+1
3

i €{1,2,3} are v, (1) = [
en(2) = en(3) = 7]
Case(iii):n = 2 (mod 3)

Let n = 3k + 2. Label the vertices of G as in case(i) for 1 <i < 3k. Also label the

vertices x,_1, Yn—1, Zn—1 By 1,1, 2 respectively and x,,, y,, z, by 2, 3, 3 respectively.

Then the number of vertices and edges labeled with i € {1,2,3} are v,(1) = [3”“],

3

(@ =@ =[] er () =ew @ = || anden 3 =[]

In each case |v (i) —v,(j)| <1 and |ep(i) —ep-(j)| <1 for all i,j €{1,2,3}.

Hence G admits Lehmer-3 mean cordial labeling.

Theorem 2.5. The graph L,,©K; is a Lehmer-3 mean cordial graph.

Proof. Le G be the graph L, ®K;. Let x;,y;(1 < i < n) be the vertices of L, and

x;', yi'(1 <i <n) be the added vertices to form G. Define h: V(G) — {1, 2, 3} as follows:
Case(i):n = 0(mod 3)

n
(1 if 1Si< o+1
n 2n
. 2n .
kg lf ?+1S1Sn
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(I

i

IA
IA

(1 if
h(x;) = h(y;) = 4 2 if

<i

Nw|S #
IA

N W
w| 3

n
Here the number of vertices and edges labeled with i€ {1,2,3} are v,(i) = %n,

5n-2

en(1) = ey (2) = | 2| and e (3) = |
Case(ii):n = 1(mod 3)

5n—2]
3

(1 if1<i< [g]
n 2n
h(xi)zh(yi)=$2 if [5]+1sis [?]
2n
3 if [?]+1Sis n
(1 if1<is< |3 (1 if1<is |3
h(xi’)=Jz if [5|<i< |5  and h(yi’)=!2 if [5|<i<|Z
3 if [F|+1<i<n ls if [&]<i<n
Here v,(1) = ||, v4(2) = va(3) = || and ey (1) = =2 foralli € {1,2,3}.
Case(iii):n = 2(mod 3)

Label the vertices x;, y;(1 < i < n) as in case(ii). Also label the vertices x;’,y;,"(1 < i < n) by

1 if1<i< [f 1 if1<i< |4
hx) =42 if [5|+1<i< |5 and hH =42 if F=i< |Z-1
B if [F]<i<n B if Z<isn

Here v,(1) = v,(3) = ||, va(2) = |2, en (1) = |=2| and e (2) = €4 (3) = |
In each case |v,(i) —v,(j)| <1 and |en-(i) —ep-(j)| <1 forall i,j € {1,2,3}. Hence G

admits Lehmer-3 mean cordial labeling.

lSn—Z
3

5n—2]
3

Theorem 2.6. The graph CL,,®K; is a Lehmer-3 mean cordial graph iff n # 3
Proof. Let G be the graph CL, ®K;. Let x;,y;(1 < i < n) be the vertices of CL,, and
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x;', yi'(1 <i <n) be the added vertices to form G.
Let n=3. Then |[V(G)| =6 and |E(G)| =9. Take v, (i) =2 for all i,j €{1,2,3}.
Then ey+(1) iseither 0 or 1 and so |ep,+(1) — e+ (2)| > 1 or |ep(1) — e+ (3)| > 1 or
len-(2) —ep+(3)] > 1. Thus G is not a Lehmer-3 mean cordial graph.
Suppose that n # 3. Define h: V(G) — {1, 2, 3} as follows:
Case(i):n = 0(mod 3) and n # 3.
Subcase(i): nis odd

h(x;)) =1 for1 <i<n-2, h(x,,—1) = h(x,) = 2,

n
(1 if 1Si< Z+2
n 2n
h(y) =42 if 3+3<is< ¢ +1

| .. 2n )
\3 if ?+2S1Sn

n
2 if 1si<o+1
h(x;) = h(y;) = n
3 if g+2<isn
Subcase(ii): n is even
Label the vertices x;,y;(1 <i <n)and x;/, y;/(i # g + 1) as in subcase(i). If i = g +1,
label the vertex x;" by 2 and y;" by 3.
In both subcases, the number of vertices and edges labeled with i € {1,2,3} are v, (i) = 4?” and
. 5
ep(i) = ?n
Case(ii):n = 1(mod 3)
Subcase(i): n is even
h(x)=1for1<i<n
1 if1<i< g
- 13
Y P n l<j< 2n
o =12 if [5l+1=i< |7

13 U[%q+1SiSn
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n
2 if 1<i< [5]
h(x;) = h(y;) = n
3 if [E]-I-lSiSn
Subcase(ii): nis odd
Label the vertices x;,y;(1 <i <n) and x;/, y;'(i # E]) as in subcase(i). If i = E]
label the vertex x;" by 2 and y;’ by 3.
In both subcases, v,(1) = [“3—”] v, (2) = v,(3) = [“3—”] ep-(1) = ep-(2) = [5?"] and
en3) =[5
Case(iii):n = 2(mod 3)
Subcase(i): nis odd
h(x))=1for1<i<n
. . n
(1 if1<is< [5]
1y n l<i< 2n
h(yi) = if [g] tl<is l?J
| . [2n )
k3 if [—] <i<n
3
n
2 if 1<i< [E]
h(x;) = h(y;) = n
3 if [E]+1SiSn
Subcase(ii): nis even
Label the vertices x;,y;(1 <i<n) and x;/, y;'(i # E] + 1) as in subcase(i). If i = E] +1,
label the vertex x;" by 2 and y;" by 3.
In both subcases, v,(1) =v,(2) = [4—n], v,(3) = [4—nJ ep-(1) = ey (2) = ls—nJ and
3 3 3
en(3) = [Z].
In each case, |v (i) —v,()| <1 and |ep(i) —ep-(G)| <1 for all i,j €{1,2,3}.
Hence CL,, ©K; admits Lehmer-3 mean cordial labeling.
Theorem 2.7. An armed crown graph AC,, ,, is a Lehmer-3 mean cordial graph.

Proof. Let G = AC,,,,. Letx;(1 < i < m) be the vertices of the cycle C,, and let
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x;j(1 =i <m;1<j<n) bethe vertices of the paths attached at each x;. Then
E(G)={xxjz1: 1<i<m-1}U{x,x}U{xx;; :1<i<m}u
{xijxij+n : 1<i<m;1<j<n-—1} Define h:V(G) - {1,2,3} as follows:
Case(i):m = 0(mod 3)

Letm = 3k. Then h(x;) =1for1 <i <m,

(2 if1<i<k
h(xif)‘{3 ifk+1<i<2k

h(x;)=1for2k+1<i<mand 1<j<n-2

h(Xm-1m-1)) = M(Xmm-1)) = 2 and h(xgn-1)n) = h(Xmn)) = 3

m(n+1)
3

for1<j<n

Here v, (i) = ey (i) = forall i € {1,2,3}.
Case(ii):m = 1(mod 3)
Let m = 3k + 1. Label the vertices x;(1 < i <m), x;;(1 <i < 3k;1 < j < n) as in case(i) and
the remaining vertices as follows:
Subcase(i):n = 0(mod 3)
(1 if1<j< g

n . 2n
h(xm;) =< 2 if 3+1<j<—

. 2n .
\3 lf?+1S]STL

Here v (1) = ey (1) = [220] | 1,(2) = €4 (2) = v (3) = e-(3) = |22

Subcase(ii): n = 1(mod 3)
(1 if1<j< [gj
h(xm;) = {2 if E] <j< [%n]

2n
3 if [?]+1San

Here v,(1) = ey-(1) = v4(2) = €, (2) = =52, va(3) = €, (3) = |25

Subcase(iii):n = 2(mod 3)
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1if1<j< [EJ
013
m ) 2n
h(xm;) = { 2 if [5] <j< [?J
| [2n )
(3 if [—] <j<n
3
Here v, (i) = ep+(i) = @for all i € {1,2,3}.
Case(iii):m = 2(mod 3)
Let m = 3k + 2. Label the vertices x;(1 < i <m), x;;(1 < i < 3k; 1 <j < n) asin case(i) and
the remaining vertices as follows:
Subcase(i): n = 0(mod 3)
1iflsj<z-1

2if§sj'3n

| 1ifl<js<z
h —1j) — h ) =
(x(m-1)) and h(xm;) 3 if §+1 <j<n

Here v, (1) = ep(1) = v, (2) = ey (2) = [m(r;rl)]’ vn(3) = en:(3) = lm(Tl)J'

Subcase(ii): n = 1,2(mod 3)
1 if1<j< |} 1if1<j<|3]
2 if [3]<j=n 3 if [5]<j=<n

Here vh(l) = eh*(l) — [m(r;+1)], ‘Uh(z) — eh*(Z) = vh(3) = eh*(3) = l@]

h(Xm-1);) = and h(xp;) =

In each case |v,(i) —v,(j)| <1 and |ey-(i) —ep(j)| < 1foralli,j € {1,2,3}. Hence G isa
Lehmer-3 mean cordial graph.
Theorem 2.8. The graph G(p, q) obtained by identifying the end vertices of the path P, on the
caterpillar graph CP; is a Lehmer-3 mean cordial graph iff any one of the following hold:

Q) s+t =0o0r2(mod3)

(i) s+t=1(mod3)and s=>2(t—1),
where s is the number of pendant vertices of G.
Proof. Let x; be the identified vertex of G. Let s be the number of pendant vertices of G. Then
p=q = s+t—1.Also G contains a cycle of length t — 1.
Case(i):s +t = 0 or 2 (mod 3)
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If [, pendant vertices are adjacent to x;, denote these vertices by x, x3,....,x; 4+1. Let
x;,+2 be the vertex which is adjacent to x; on the cycle. If [, pendant vertices are adjacent to
X, +2, denote these vertices by x; 43,...., X1, +1,+2- L€t x; 41,43 be the vertex which is adjacent
to x; 4, on the cycle and continue the same process to denote the vertices of G. Define

(1 if1<i<[f]
h:V(G) » {1,2,3} by h(x,) = 42 if [B]+1=i< 2]
. 2p .
3 if [?]+1SLS n
Then the number of vertices and edges labeled with i € {1, 2, 3} are as follows:
Subcase(i):p = 1(mod 3)

v (1) =[], vn (@ = va(3) = 5] en (1) = e (2) = 2] and e, (3) = [].

3 3 3 3
Subcase(ii):p = 2(mod 3)

v (1) = va(2) = 2], va3) = [B] Len (1) = [B] and en-(2) = e-(3) = [5]

In each subcase |v,(i) —v,(j)| <1 and |ep-(i) —ep-(j)| < 1forall i,j € {1,2,3}. Hence G
is a Lehmer-3 mean cordial graph.
Case(ii):;s+t=1(mod3)and s > 2(t — 1).

Let x4,x,,,....,X;_, be the path on the cycle. If k;,k,,....,k._; pendant vertices are
adjacent to xq, x5,,...., X, respectively, denote these vertices by x;, X¢y1,.. ., Xk, —1) Xe iy
coos Xppky+ko—10 -+ - X TheN label the vertices of G as in case(i).

Here v, (i) = ey (i) = gfor all i € {1,2,3}. Hence G is a Lehmer-3 mean cordial graph.

Case(iii):s+t =1 (mod 3) and s < 2(t — 1).

s+t—-1
3

Suppose that G admits Lehmer-3 mean cordial labeling. Then v, (i) = for all

i € {1,2,3}. To obtain the edge conditions we must label the vertices as in case(i) or case(ii). In
both cases, e,+(1) = v, (1) — 1. Then |eyp<(1) — ep(2)] > 1 or |ep=(1) —ep=(3)| > 1 or

len+(2) — ep+(3)] > 1, which is a contradiction. Hence G is not a Lehmer-3 mean cordial graph.

Example 2.9. The Lehmer-3 mean cordial labeling of the graph G obtained by identifying the

end vertices of the path Pg on the caterpillar graph CP, is shown in figure 2.
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Figure 2
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