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Abstract

Rafal Ablamowicz have shown the Classification of Clifford algebra Cl,,) as images of group algebra of
SalingarosVeegroup G, q-Here G, q) is @ 2-group of order2P*4+1 pelonging to one of Salingaros isomorphic classes
N1, Npj, Qzi—1, Q2 and Swhich are non-isomorphic to each other and every real Clifford Algebra Cl;, ) is R -
isomorphic to a quotient of a group algebra R[G,,q)]- In this paper we show how group structure of Salingaros Vee group
Gp,q) in the presence of normal subgroup and central product structure carry over Clifford Algebra Cl, ¢
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1. Introduction

The Clifford algebras have been developed with the involvement of several Mathematicians and physicists such as Rudolf
Lipschits, Theodor Valen, Elie Cartan, Claude Chevalley reinvented the ”Clifford Algebra” Mand established its power as a
formal mathematics and physics language. Specifically, David Hesten and Elie Cartan are notable contributors to the
progress and development of Clifford algebra. Elie Cartan presented the idea of the spinor in 1913 and in 1938 the idea of
the pure spinor and he defined Clifford algebra’s as algebras of matrices and found that 8 has a periodicity inside these
algebraic structures, for more info, refer [?1. David Hesten extended the concept of “Clifford Algebra” to devise a formalism
and calls it Geometric Algebra I, He defines orthogonal operators as similarity transformations on Euclidian space E, which
can also be considered as group actions in Clifford Algebra on the underlying Vector Space. Salingaros has noted that these
groupings are members of five non-isomorphic families i 31. However, one is aware that there are five distinct families into
which all Clifford algebras Cl, ;y may be divided as simple and semi simple algebras depending on the values of (p, g) and
p + g (the Periodicity of Eight)[ 78l In this paper we will discuss the algebraic structure of Salingaraos Vee group over the
Clifford AlgebraCl, 4 1% 1% 1.

2. Preliminaries
2.1 Clifford’s original definition

Grassmann’s exterior algebra A R™ of the linear space R" is an associative algebra of dimension 2. In terms of a basis {

01,02, 03, wer o , 0, } for R™ the exterior algebra A R™ has a basis,
1

01,0, 03, ... .. ,Op

oy N0y, 04 NO3,....01 N\ Oy, O, A O3, ... ... an — 1)/\an

oy Aoy A O3 ... e Aoy

The exterior algebra has unit 1 and satisfies the multiplication rules

o, ANgj = —agjAo;fori #j
oiNa; =0 @
Clifford in 1882 kept the first rule but altered the second rule, and arrived at the multiplication rule
0;0; = —gjo; fori # j
oi0; =1 2
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This time { gy, 05, 03, ... ... , 0, } is an orthonormal basis for the positive definite Euclidean space R™. An associative algebra
of dimension 2" so defined is the Clifford algebra Cl,,.
Clifford in 1878, considered the multiplication rules

0,0; = —gjo; fori # j
g;0; = -1 (3)

of the Clifford algebra Cl, ) of the negative definite space R(™ refer ["-€l,

2.2 Clifford Algebra

All real Clifford algebras are defined on the underlying real vector space n, the space of vectors with n real components on
which we are giving a non-degenerated quadratic form Q = x* = Qx. since Q is symmetric, it’s eigen values are real and Q
is non-degenerated hence it has p positive and g negative eigen values with p + g = n. The pair (p, q) is called the signature
of Q and is the only important property of Q in defining the associative Clifford Algebra. This algebra will be written as
Clip,q) OF some times CL(Q).

The orthonormal basis { oy, 05, 03, ... ... , 0, +in E™ relative to Q, so that

O'iTQO'i = O,fOI’i :,t]

+1, i=1..p fori=j 4)
T J— 1
% Qai_{—l, i=p+1l...p+tq=n

Define multiplication to be an associative operation which satisfies the two conditions,

62 = {-l-l, ' i=1..p ,fori = (5)
¢ -1, i=p+1l....p+tq=n
0,0; = —gjo; fori # j (6)

The above equations allow us to define, any product g;, gy, ... ... o fori; <i, <--.<ig, isasubset of {1,2,3,....n}, because
from equation (6) we can always reorder the indices, for example,

010,03 = (010,)03 = —(0,01)03 = —0,(0,03) = 0,(0301) = (0,03)0; = —030,0;
Therefore the Clifford algebra is a vector space spanned by the product o;, g;, ... ... o;,, whoseelements can always be written

in increasing order 2,
The following formal polynomial represents an arbitrary element A inthe Clifford Algebra Cl, ¢):

— 40 n i n n ij n n iq..0
A =a0g + Xi=g a'o; + Xty Y=g @Yoy + -+ X g e Xp=g @0y g

12.n n iq1ip..i * (7)
+--ta O12.n = D=0 A2 KOy iy..0y
2.3 Fundamental Automorphism of Clifford Algebra
Clifford Algebra Cl, 4y has four fundamental automorphism, which are as follows, refer [°1.
2.3.1 Identity

Let A be any random element of Clifford Algebra Cl, 4), the Identity automorphism from A4 — <A is one which carries g; —
0;.

2.3.2 Involution

LetA = A’ + A" be the decomposition of an element of Clifford Algebra Cl, 4y, where A" and A" contains homogeneous
odd and even components individually, then automorphism A — A is the Involution so that the sign of the elements of
A" doesn’t change and the sign of elements of A’ changes, i.e,

A= —A + A"
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In general Involution automorphism caries a; — —a;, for any element of A.
The Involution automorphism can also be expressed with the help of the volume element w, i.e = gy ;, ..

@+ (p+q-1)
A= wAw !, where o™t = (=1) 2 w refer (12141,

ipeg such that,

2.3.3 Reversion

The Reversion of any element of Clifford Algebra Cl, ;) is the Antiautomorphism from A — A, that is an alternative to any

basis element gy, ;, ....;,, € A by an element ofgy,;, _, ....;;, such that:
k(k-1)
o-iliz g = (_1) 2 O-ikik—l i

Hence for any element A of Clifford Algebra Cl, 4,

k(k—1)

A=(-1)"z A

2.3.4 Conjugation

The Conjugation of any element A of Clifford Algebra Cl(,, is the Antiautomorphism from A — A" which is the
composition of Involution and Reversion Automorphism, 4 such that

k(k—1)

A'=(-1) 7 A

3. Clifford Algebras as Projections of Group Algebras
3.1 Group Algebra

Let G be a finite group with m elements, The Group algebra F[G]over the field F is the linear combinations of finitely many
elements of G with coefficients in F i.e,

Algl + Azgz + /‘13‘93 + -+ Amgm for 9i € G,/L: € F,l = 1,2, L. m

In general, we can rewrite the above linear combination with the algebraic multiplication [ determined by the group product
as follows,

FIG] =1 ) 249, € F

geG

3.2 Group Algebra and their projection on Clifford Algebra
In this paper, we focus only on real group algebras of finite 2-groups, in particular, Salingaros Vee groups.

Definition 1: A group G is said to be p-group where p is a prime, if every element of group G is of order p* where k > 1.
Therefore any finite group of order p is called p-group.
As we know quaternion group and the dihedral group are the only group of order eight which are non-abelian groups.

The Quaternion group has the representation Qg = {a, b|a* = 1,a? = b? bab™! = a'}. Vladimir M. Chernov given
another representation of quaternion group Qg, % as follows,

QS = {EJTIIJJJIJJTIJTJJTI.]}
which can also be write,
={L]tlt*=11>=]*=1,1] =11}

Under the operation of group multiplication, where ¢ is the identity element of the group Qgthe elemen 7 is the Involution
such that 72 = ¢ the element 7 is like (-1), with I = a, J = b, 7 =a?.

The order structure of quaternion group Qg is {1, 1, 6} i.e. it has one element of order one, one element of order two and six
element of order four. The center of Qg is Z = (Qg) = {1, a?} which is isomorphic to C, Bl

Vladimir M. Chernov’s representation of the Dihedral group Dg = {a,b|a* = b? = 1,bab™! = a™}. is as follows,
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Dg = {g,71,6%,6%,6%,16%,16%, 163}
={67t16*=12=1,16t7 =671}

The group multiplication is defined by t2 = ¢,6* = &, ©6 = 831, where ¢ is the identity element of the group Dg with T = a,
5=h.

The order structure of Dihedral group Dg is {1, 5, 2} and center of Dg is Z = (Dg) = {1, a?}. which is isomorphic to C.

Now, recall the examples of Clifford Algebra as projection of group algebra from Viadimir M. Chernov’s and Anne Marie
Walley 1212141 for the construction of H = Cl, , asE[QS]/]and CllllasE[DS]/].

Example 1: Define an E — algebra map Y: E[Qg] —» H = {1,1,j,ij } as follows,
1-17t->-1L1->1i]->]

Letu € E[Qg], then Kery = {¥geq, 499, :%(u) = 0} =] = (1 + 7) for central involution r=a?in Qg so that the dimeJ = 4
and vis bijective 121,

Let m: E[Qg] — E[Qg]/] be the natural map u — u + J the there exists an isomorphism, ¢: E[QS]/] — H such that po m =
Y by first Isomorphism Theorem (4). It is necessary to verify that | + J, J + J fulfill the relations of the generators of Cl,.

Now Consider the following,

r(I>)=r+J=1+Jand (p(TL'([Z)) =) =-1=@)?* =i
n(J?) =J*+J=1+Jand (p(T[(]Z)) =9Y(1) = -1 = W())?* = j?
nlJ+]D=0J+]JI+J=1A+1)]I+J=Jand
o(m(1] +JD) = Y(0) = 0 = p(NDP() + YY) = ij + i

Hence, it has been verified that | + J, J + J fulfills the relations of the generators of the Clifford Algebra Cl,,. Thus,

E[Qg]/] = Y (E[Qg])=H = Cl,,, provided the central involution t is mapped into —1.

Example 2: Define an E — algebra map ¥: E[Dg] = Cl, ; as follows,
1-1,7- 0,6 - 0y,

Where Cl,; spanned by the orthonormal elements Cl, ; = {1, 0,05, 0,0,} with multiplication relation, 0,% = 1,0,% =
_1, 010, = —0,07.

Letu € E[Dg], then Kery = {¥ ep, A99,:9(w) = 0} =] = (1 + 62) for central involution 6% = a® € Dg s0 that the
dimeJ= 4 and v is bijective (121,
E[Dg]/] - Cly, such that

@o m = 1 by first Isomorphism Theorem [, It is necessary to verify that T + J, § + J fulfill the relations of the generators
of Cly ;.

Let m: E[Dg] » E[DB]/] be the natural map ¥ — u + J then there exists an isomorphism, ¢:

() = +J=1+Jand p(n(z?)) = (1) = @ (@)’ =0f =1
m(6%) = 6%+ Jand (p(n(62)) =y =yY(-1)=0dt=-1
Tt +61) =16 +61+J=6t(1+8%)+J = Jand
@6t +16)) = PP (S) + Y(&)Y(r) = P(0) = 610, + 0,01 =0
Hence, it has been verified that = + J, & + Jfulfills the relations of the generators of the Clifford Algebra Cl, ;.
Thus,E[DS]/] = (l, ; provided the central involution §2 is mapped into —1.
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Example 3: Anne Marie Walley extended Viadimir M. Chernov’s construction to Cl, , and represented it asE [Ds] / j8s shown

in the following example.
Define an E — algebra map: : E[Dg] = Cl, as follows,

1-1,7- 0,6 - 0,0,

Where Cl,, spanned by the orthonormal elements Cl,, = {1, 0y, 05, 0,05} with multiplication relation, 0,% = 1,0,% =
1, 0,0, = —0,0;. The further steps are same as in above examples, but here = + J, 7 + J fulfills the relation of generator of

Cl,, for further details refer 22231, Therefore E[DS]/] = (Cl,, provided the central involution 62 is mapped into —1.

Let us summarize the above three examples for the Chernov’s Theorem with it’s reformulated as follows.
1. The quaternion group Qg:

Qs = {togl gl v, € {0,1},k = 0,1,2}
Where g; = a,g, = b,7 = a?is central involution in Qg. Thus
g1*=a*=1,0," =b* =a’ =1,79:9, = G201
Note that the order of elements, |g,|=|g,|=4 and E[QB]/] = Cly, where J = (1 + 1)

2. The quaternion group Dg:
Dy = {t¥0g1" g}y, € {013,k = 0,1,2)

Where g; = b, g, = a,7 = a?is central involution in Dg. Thus,
91> =b*>=1,g,"=0a®=1,1919, = 9,91

Note that the order of elements, |g,|=2, |g,|=4 and E[DS]/] = Cly, where J = (1 + 7).

Theorem: Let Cl, 4 be the universal Clifford Algebra defined as in 1.1 and let G be the finite 2—group of order 2'*"
generated by a central involution 7 and additional elements g4, g, g5 .... gnWhich satisfy the following relations [425I;

7% = 1, (91)2 = (92)2 == (gp)zi(gp+1)2 = (gp+2)2 == (gp+q)2
T9i = 9it,9:9; = 199 L,j = 12,.n=p+q

So that G={t" gl g2? ..... g¥": 7, € {0,1},k = 0,1,2 .....n}. et = (1 + 1) be an ideal in the group algebra E[G], then

= dimgl=2"
= Here exists a surjective E — algebra homomorphism y: E[G] — Cl,, 4 with the ker ¢ = J.

4. Salingaros Vee Group

A finite group can be used to describe the Clifford Algebra structure in a vary elegant way. Let G, 4, be a finite group in any
real Clifford Algebra Cl, 4,where a binary operation is just the Cifford Algebra product and the basis elements of Clifford
Algebra C1,, , form a finite group of order 2'*7*4. Such that

Gpq = {il, to;, t0;0;, to;0;0y, ... £ 0,0,05 ... an} wheren=p +¢q
Gp,q May also represented as follows,
Gpq =(—1,04, ...,04|0,0; = —ajo; for i # jand 67 = +1)

Where 6> =1 for 1<i<pand o> =-1for p+1<i<n=p+gq and the elements g;_ = 0; 0, ...... oy, will be
simplified as a;_,;,.....;, for 1 < k while o, will be denoted as 1, the identity element of G, ,(and Cl,, ).
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This 2-group of order 21*P*4 js called Salingarosvee group. Salingaros categorized this group into five isomorphic classes
Nyk—1, Nog, Qai—1, Q25 and S which are non-isomorphic to each other [ 10. 111,

5. Algebraic Structure of Salingaros Vee Group
5.1 Vee group corresponding to Clifford algebra Cly

Now let’s look at a few of the groups’ most basic instances. Initially, a finite Vee group that is associated with the Clifford
algebra Cl, owith an arbitrary element A = a° and division ring K ~ E(p — ¢ = 0 mod(8)) is cyclic group z = {1,1} with
the following multiplication table:

1 -1
1 1 -1
-1 -1 1

It is simple to observe that the finite group that corresponds to Clifford algebra Cl, , according to Vee group is No— group
(No =z)

5.2 Vee group corresponding to Clifford algebra Cl, o
Let us take an element of Clifford AlgebraCl; o= A = a° + a%cy, where 0,2 = 1, K= E @ E, (p — g = 1 mod(8)). In this

case the basis elements of Cl, , form the Gauss—Klein four-group z & z = {1, -1, o;,-01}. The multiplication of the z @
z is as follows.

1 -1 o1 -01

1 1 -1 o1 -01
-1 -1 1 —01 o1
o1 o1 -01 1 -1
—01 —01 o1 -1 1

Let Q, = N ® Z,. we have here first Q group:Qy = Ny ® Z, = Ny @ Ny = Z, Q Z,.
5.3 Vee group corresponding to Clifford algebra Cl 4

Let us take an element of Clifford AlgebraCly,=A = a° + a%s;, where 0,2 = -1, K~ C,(p — q = 1 mod(8))
corresponds to the complex group z @ z = {1, —1, 0;,-0; } with the multiplication table:

1 -1 o1 -01

1 1 -1 o1 -01
-1 -1 1 —01 o1
o1 o1 -01 -1 1
—01 —01 o1 1 -1

It is evident that this group is classified by Salingaros as a first S — group such that S, = Z,.
Furthermore, we can construct the Vee group corresponding to Clifford Algebra for Cl, ,, and Clifford Algebra for Cl, .
From these tables we get the Salingaros Vee group of N, 4, Neven» Qodadr Qeven and Sy, groups.

6. Conclusion

Salingaros has noted that these groupings are members of five non-isomorphic families. However, one is aware that there
are five distinct families into which all Clifford algebras Cl, , may be divided as simple and semisimple algebras depending
on the values of (p, ) and p + g (the Periodicity of Eight).Through Chernov’s insight, another relationship with finite
Salingaros groups emerges that the algebras Cl, 4 can be viewed as images of group algebra, we will look over this later
research.

Now we can see that from the multiplication tables. The odd N — groups correspond to real spinors, for example, N; is
connected to real 2— spinors, and N5 is the group of the real Majorana matrices. The even N — groups defines the quaternionic
groups. Similarly, the S —groups are the ‘spinor groups, like S; is the group of the complex Pauli matrices, and S, is the group
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of the Dirac matrices. Furthermore, the Q— groups are double copies of the N — groups and can be written as a direct product
of the N — groups with the group of two elements Z,: Q; = N, Q Z,.
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