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Abstract

The main aim of this paper to introduce a new notation G — fg — contraction and a new edge preserving property. With help of this
proved a coupled coincidence fixed point theorem for four maps with a graph in a metric space.
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INTRODUCTION

In 2006, the concepts of fixed point theory and graph theory
were combined by Espinola and Kirk ([3]). Jachymski([4]) and
Chifu ([2]) came up with an interesting idea of using the
language of graph theory in the study of fixed point results.

A graph is an ordered pair G = (V, E), where V is a non empty
set and the elements in V are called vertices or nodes and E is
a binary relation on V. i.e,, E € (V X T). The elements of E are
called edges.

In this paper we concentrate on directed graphs.

Let G! be the conversion of the graph G. i.e, the graph
obtained from G by reversing the direction of edges. Simply,
E@G™) ={(,%): (x,y) € E(G)}.

A directed graph G is called a oriented graph if (x,y) € E(G),
then (y,x) € E(G).

Definition 1.1 [2] A function S:X X X - X is said to be G —
continuous if {x,}>p , {¥n,} > q and (xy,xn,,) € E(G),
Oy Yniys) EE(GTY)  implies  S(xy,%n,,,) > S(p,q)  and
SWnp Yngy,) = S(@,p) as i— oo, where (x,y),(p,q) €X XX
and (n;);ey be a sequence of positive integers.

Definition 1.2 [2]) Let (X,d) be a complete metric space
endowed with a directed graph G. Then the triplet (X,d,G) has

property (A) if

(i) for any sequence {x,},ey in X such that {x,} = p and
(%n, %n41) € E(G) implies (x,,p) € E(G)

(ii) for any sequence {y,},ey in X such that {y,} - q and
s Vns1) € E(G™Y) implies (v, q) € E(G™).

Many authors studied about the coupled fixed points and
coupled coincident points and common coupled fixed points
and the G- continuous properties (see [2], [19], [15], [7]) By
taking the inspiration from the above authors G. Adilakshmi
and G.N.V. Kishore([1]) introduced a G — fg contraction on
metric space endowed with a graph for four mappings.
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Definition 1.3 ([1]) Suppose (X,d) be a metric space endowed
with a directed graph G. Let us consider the mappings
S,T:X XX - Xandf, g: X = X with defining the following sets

0 X xX)sp ={(xy) € X X X: (fx,5(x,y)) €
E(G),(fy,S(,x)) € E(G™))}

and (i) f is edge preserving. ie. (fx, fu) € E(G),(fy, fv) €
E(G™)

implies (f(fx), f (fw) € E(G) and (f (fy), f (fv)) € E(G™).

(i) S is f edge preserving. ie., (fx, fu) € E(G),(fy, fv) €
E(G™)

implies (S(x,y),S(w,v)) €E(G) and (S(¥,x),S(v,u)) €
E(G™).
n XX X)rg ={(w,v) €X X X:(gu,T(u,v)) €

E(G), (gv.T(v,w) € E(G™)}

and (i) g is edge preserving. i.e., (gx, gu) € E(G), (gy,gv) €
E(G™)

implies (g(gx), g(gw)) € E(G) and (g(gy), g(gv)) € E(G™).

(i) T is g edge preserving. i.e, (gx,gu) € E(G),(gy,gv) €
E(G™)

implies (T(x,y),T(u,v)) € E(G)
E(G™).

and (T(y,x),T(v,u)) €

D (X X X)L = (X% X)sr N (X X X)ry
ST are said to be G — fg contraction if

(i) f,g are edge preserving respectively. ie., (fx,gu) €
EG), (fy,gv) €E(G™)

implies (f(fx), g(gw)) € E(G) and (f(fy), g(gv)) € E(G™).

(ity S,T are fg—edge
E(G),(fy.gv) €E(G™)

), T(w,v)) € E(G)

preserving. e, (fx,gu) €

implies
E(G™)

and (S(»,x),T(v,u)) €
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(iii) for all x,y,u,v € X and for (fx, gu),(S(x,y),T(u,v)) €
E(G)

And  (fy,gv), (S(y,x),T(v,u)) € E(G™)

d(SC,y), T(w,v))
< max i (Y(fx gw), k (P(SG, 1), T(w,v)))}
[W(Fx, guw) = $(SC, ), T(w,v)]
—max {x(¢(fy, gv)), x ($(S», ), T(w,w) )}
[¢(fy, gv) = (S, ), T (v,0))]

where Y,¢: X XX - [0,00) are lower semi continuous
functions.

Theorem 1.4 Let S,T:X XX —> X and f,g:X = X. Suppose
that S,T are fg-edge preserving and satisfies G — fg
contraction.

Let S(XXX)CSf(X) and T(XxX)CSg(X). Also let
{xon b {¥onh{usn} and {v,,} be sequences in the metric space
(X,d) endowed with a directed graph G. Then the following
statements are true.

() (fx, guw) € E(G) and (fy, gv) € E(G™1) implies

(SC2n, Yan) T (Uzn+1, Vans1)) € E(G)

and (S(Van, X20), T (Vans1, Uznsr)) € E(G™Y) , VR EN;

(@) (6,¥) € X X X)Z = (Xans1, Yans1) € X x X)) vneN;

(iii) {Q,,} and {n,,} are cauchy sequences and there exists
x*,y* € X such that Q,, = x*andn,, = y".

Theorem 1.5 In addition to 1.4, assume that f,g are G-
continuous and (i) f commutes with S and g commutes with T
[or] (ii) (X,d, G) has the property (A)

Then CCoin(f9) # ¢ iff (X x X)L9 # ¢.

Theorem 1.6 Suppose that hypothesis of 1.5 holds. Besides, let
for every (a* b*),(c*,d*) € (X xX), there exists (u,v)€
X xX)

such that

(S(a*,b"),T(u,v)) € E(G), (S(b*,a*),T(v,u)) € E(G™*) and
(S(c*,d"), T(w,v)) € E(G),(S(d",c"),T(v,u) €EE(G™)

Also

(S(w,v),T(a", b)) € E(G), (S(v,w),T(b*,a*)) € E(G™*) and
(S(u,v),T(c*, d")) € E(G), (S(v,w),T(d",c*)) € E(G™).

Then S, T, f and g have a unique CCFP.

Now we prove our main results.

RESULTS AND DISCUSSIONS

Definition 2.1 Let f, g: X = X. The two mappings S,T: X X X -

X are said to be G — (f g), contraction if

(i) f,g are edge preserving respectively. ie, (fx,gu) €
E(G),(fy.gv) €E(G™)

implies (f(fx), g(gw)) € E(G) and (f(f¥),g(gv)) € E(G™)
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(ii) S, T are fg-—edge
E(G), (fy,gv) € E(G™)

Sy, T(w,v)) € E(G)

preserving. ie., (fx,gu)€

implies
E(G™)

and (S(y,x),T(v,u)) €

k
@) d(Sx,y), Twv)) <2 [d((fx, gu) +d((fy, gv))], k€
[0,%) is contraction constant of ST, where (fx,gu) €
E(G),(fy,gv) € E(G V) forallx,y,u,v € X.

Theorem 2.1 Let S,T:XxX - X and f,g:X = X. Suppose
that S,T are fg-edge preserving and satisfies G — (fg),
contraction.

Let SXxX)Sf(X) and TAXxX)<Sg(X). Also let
{x2n b {Von b {usn} and {v,,} be sequences in the metric space
(X,d) endowed with a directed graph G. Then the following
statements are true.

() (fx,gu) € E(G) and (fy, gv) € E(G™') implies

(S(X2n Y2, T (Uzn41) Vans1)) € E(G) and
(SW2n %20), T(V2ns1, Uzns1)) € E(G™), VR E N;

(i0) (6, ¥) € (X X ) = (Xans1, Vania) € X XN ¥neN;

(iii) {Z,,} and {W,,} are cauchy sequences and there exists
x*,y* € X such thatQ,, - x* andn,, = y"

Proof: We have S(X xX) € g(X) and T(X X X) € f(X) so let
us define the following sequences

Zon = gX2n+1 = S(X2n, Yan),
Wan = 9Yan+1 = SW2n X2n),
Zan+1 = fXons2 = T(X2n+1, Yan+1)s
Wons1 = [Vans2 = T(Van+1 Xans1)s n=012--.

the rest of the proof followed Theorem1 conditions (i) and (ii)
proof.

Theorem 2.2 Let (X,d) be a metric space endowed with a
directed graph G. Let S,T: X X X - X are G — fg —contraction
with contraction constant k € [0, %) and S(X x X) € g(X) and
T(X x X) € f(X). Also suppose that (x,,,), (V) be sequences in
X. Then, for (x,y) € (X X X), there exist r(x,y) = 0 such that
Ao Ghns1) S T@y)  and A Yo §¥anss) <

k2n-1

().

Proo:. Let (x,y) € (X X X) g4

= (g%, T(x,y)) € E(G) and (gy, T(y,x)) € E(G™)
= (9%, T(x1,¥1)) € E(G) and (gy1, T(y1,%1)) €
by theorem2.1 and edge preserving property , we have
(T (X2n: Y2n)s S Kzn+1, Yan+1) € E(G)
= (f*an+1, 9%ans2) € E(G).
By G — (fg), contraction
d(fXan+1, 9%ams2)

= d(T(xan Yan)r S(Xani1s YZn+1))

k
< 5 [d(fx2n, 9X2ns1) + A(fY2n, 9Y2ns1)]
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<

[d(T (X2n-1, Y2n-1), S (X2, Y2n))
+ d(TV2n-1, %2n-1), S Vans X21))

k
2

k2
= 2 [d(fX2n-1,9%2n) + A(fV2n-1, 9V2n)]

by repeating the above process, we have
kzn
A(fXzn+1,9Xn+2) < Tr(xvY)v

where r(x,y) = d(fxo, gx1) + d(f Yo, g¥1)

smilarlly we can prove that

kzn
A(fYons1, 9Y2n+2) < TT(X' y), where r(x,y)

=d(fyo, 9y1) + d(fxo, gx1)-

Theorem 2.3 Let (X,d) be a complete metric space endowed
with a directed graph G. Let S,T:XXX—->X are G—

fg —contraction with contraction constant kE[O,i) and

SXXxX)S gX)and T(X x X) € f(X). Also let (x3,), (V2n) be
sequences in X. Then for each (x,y) € (X X X) , there exists
x*,y"* € X such that fx,, = x" and gy,, = y* asn — oo.

Proof: Let (x,y) € (X X X)1g4.

Then using theorem(1.5)

k271
A(fXant1, GXons2) < Tr(x, y)

and

K2n

A(fYan+1, 9Y2ns2) < Tr(x, ¥),
foralln € N wherek € [0, %).
Now for m > n, we have
d(Zzn, Zame1)
= d(Zzn, Zons1) + A(Zans1, Zans2) + -+ d(Zoms Zamer)

< d(fXons1r 9Xons2) + A(fXoni2) GXonez) + -+
+ d(fXams1, GX2me2)

2n k2n+1 kZm

< Tr(x, y) + > r(x,y) + -+ Tr(x,y)
kzn k2TL+1 k2m

<(TH et )y

2n

k
< Tr(x,y)[l +k+ k244 k2]

k2n kZm—Zn
=Tr(x,y) [1— —k].

1
asm,n are large and k € [0, %)
Therefore d(z,,, Zym+1) = 0 asm,n = oo.
This shows that z,,, is a cauchy sequence.
Similarly we can prove that w,,, is a cauchy sequence.

Since (X,d) is a complete so there exists u,v € X such that
Zyn = U and wy, - v.

Therefore lim z,, = u and limw,, =v.
n—-oo n—oo
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Theorem 2.4 Suppose (X,p) is complete endowed with a
directed graph G. Let S: XXX —>X and T:X XX =X are

satisfies G — f g contraction with contraction constant k € [O,%)
and S(X xX) S f(X), T(X xX) € g(X). Let f is G continuous
and commutes with S and g is G continuous and commutes with
T.Also,assume either

(i) S,T are G continuous (ii) (X, p, G) has the property (4)

Then CCoin(Sf) # ¢ iff (X X X)sf # ¢ and CCoin(Tg) # ¢ iff
X X X))y # .

Proof: Suppose CCoin(Sf) # ¢,
Then there exists (1, v) € CCoin(Sf).
ie, fu = S(u,v) and fv = S(v,u).
So (fu, fu) = (fu,S(w,v)) € E(G)
and (fv, fv) = (fv,S(w,u)) € E(G™)
= (u,v) € (X X X)gf
= (X X X)gs # ¢.
Next, Let us assume that (X X X)s; # ¢ .

Then there exists some (xg, yo) € (X X X)g¢

so we have (fxo,S(xo,¥0)) € E(G) and (fyo,S(Vo, %)) €
E(G™)

Then by theorem (2.1), condition (ii), there exists a sequence
{ni}ien of positive integers such that

(S C2ni Yani) T (Xznir1, Yanir1)) € E(G) and
(SW2nis X200 T Wanie1r Xzniv1)) € E(G™H).

Then by theorem (2.2) limS(xy,;,Yoni) > u  and
n—oo

T]Li_rE)T(xZnH»lryZnHl) 2.
Since f is G continuous so
5im £ (S Geanis Yoni)) = fu

and

T]LLT’I.}Of(T(xzni+1ry2ni+1)) - fv.

Since (S,f) are commute so we have f(S(Xzni)Voni)) =
S(foni' fyZni)' and f(s(yZni'XZni)) = S(fJ/Zni'foni)

Now
}li_{l;lof(s(xzni'yZni)) = Srlli_{l;)(foni'fyZni)
=fu =Suv)
Similarlly,
}li_{l.}of(s(}’zni;xzni)) = Silﬁ(fYZni:fxzm)
=>fv =Swu)

In the same way we can prove that gu = T(u,v) and gv =
T(v,w).

This shows that (u,v) is the coupled coincidence point S, T, f
and g.

Next assume that (X, p, G) satisfies property (4).
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Since T (X2nis1, Yaniv1) 2> U as i = © and T (Vznis1, X2nis1) >V
asi— oo

also (S(xZnir YZni)' T(xZnle YZnHl)) € E(G)
and (SWVznis X2ni)s T YVznisr ¥2niv1)) € E(G™H)

so by property (A) (S(xzniYemi)it) €E(G)  and

(SOznis X2mi), v) € E(G™).
Now
d(fu,S(u, v))

= d(fu, f(SCani Y2ni))) + A(f (S (Xznis Yanid» S(W, ) =
d (f(T(XZnHlvy2ni+1)):f(5(x2m’vYZni)))

+d(f (S (¥zni Yani), S, v))

< d(T(xZnHll yZnHl)'S(xZni' yZni))
+ d(S(foni'fyZni)'S(u' 17))

<

k
3 [d(fX2ni+1 9¥anis1) + A Vanivr, GV2nis)]
+d(5(fx2ni'fy2ni)! S(u! 17))

Since k € [0, %),As i —> oo,

d(fu,S(u,v)) = g[d(u, u) +d(w,v)] +d(Sw,v),S(u,v)) =0.

Therefore fu = S(u,v). Similarly we can prove that fv =
S(v,uw).

In this way we can prove that gu = T'(u, v) and gv = T (v, u).

Finally to uniqueness of the common coupled fixed point can
be proved using theorem 3 via G — (fg), contraction.

Application to Integral equations
To discuss the application of our main results we establish an

existence theorem in a metric space with graph for the
solution of the integral equations.

Consider the following integral equations:

x(t) = f F(t,x(s),y(s))ds, t€[0,T]
0

y(©) = f (&, y(s),x(s))ds, te[0,T]
0

Where T is a positive real number and f:[0,T] X R X R - R.

Consider X = C([0,T],R). Define d: X XX - R as d(x,y) =
max{x(t),y(t)}.

Clearly d is a metric on X.

Define a graph G using the following partial relation.

x <y e x(t)<y(t),forallx,y € X and foranyt € [0,T].
So, we have

EG)={(x,y) EXxX:x<y

andE(G ) ={(x,y) EXxX:y<«x

Also A(X X X) € E(G) and (X, d, G) has property (A).

Clearly (X, d) is a complete metric space with a directed graph
G.
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Theorem 3.1 Suppose for the integral equation,
(@) f:[0,T] x R X R — R is continuous;
(ii) for all t €[0,T] and x,y,u,v € R with x Su,v <
»ftxy) < ftuv);
(iii) for each t € [0,T] and x,y,u,v € R with x <u,v <
Y, there exists k €[0,1) such that

k
max{f(t,x,y), f(t,u,v)} < ;max{x(t),u(t),y(t),v(t)}.
(iv) there exists (xg,¥,) € X X X such that for all t €
[0, 7],

T
x© < [ f6x0()0)ds, 1€ [0.7]

T
[ rernm@ds <yo, te o

Then there exists at least one solution of the given
integral equation.

CONCLUSIONS:

By defining the new G — (fg), contraction we obtained
a unique common coupled fixed point for mapping and
obtained solution of integral equation.
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